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Abstract 


'/e  list  eleven  research  papers  written  under  the 
Grant,  of  which  five  have  been  published  in  scientific 
periodicals,  three  have  been  accepted  for  publication  and 
three  have  been  submitted  and  under  consideration.  This 
year  I  report  that  we  find  a  good  approximation  to  the  number 
of  non-separable  sparsely-edged  labelled  graphs,  relevant 
to  applications  in  statistical  mechanics.  I  also  study  the 
enumeration  of  smooth  labelled  graphs,  where  I  obtain 
an  exact  form  for  the  exponential  generating  function, 
find  the  differential  equation  it  satisfies  and  a  combinatorial 
interpretation  of  this  equation  and  finally  study  the 
sparsely  edged  case.  I  remark  on  a  surprisingly  close 
relationship  between  the  results  for  the  sparsely  edged 
case  of  the  non-separable  and  the  smooth  graphs.  I  report 
a  liotle  further  on  the  enumeration  of  bipartite  graphs, 
labelled  and  unlabelled,  and  finally  list  a  few  of  the 
further  problems  that  I  hope  to  investigate. 
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The  number  of  large  non-separable  labelled  graphs 
1.  An  (n,q)  graph  is  a  graph  on  n  labelled 
points  and  q  lines.  A  non-separable  graph  (or  block) 
is  a  connected  graph  which  cannot  be  disconnected  by 
the  removal  of  one  point  and  its  adjacent  lines,  ,'e 
write  u(n,q)  for  the  number  of  non-separable  graphs 
on  n  labelled  points  and  q  lines  and  are  concerned  to 
find  an  asymptotic  apprpximation  to  u(n,n+k)  as  n— ?<x> 
and  k— > co  with  k  =  o(n^).  The  determination  of  such 
an  approximation  is  related  to  problems  in  statistical 
mechanics  (see  [BlJ  ,  [B6j ,  esp.  p.14-1,  and  ). 

.«e  v/rite 


U 


.  =  u(n,n+k)Xn/nl 

y\ 


for  the  exponential  generating  function  (e.g.f.) 
of  u(n,n+k) .  In  ^313^  I  found  a  recurrence  differential 
equation  which  enabled  one,  in  theory,  to  determine 
U,.  for  successive  k.  The  worn  could  be  carried  out  on 
a  computer  and  would  give  one  the  coefficients  in  the 
expression 

-,k  -  ♦  i 


U,  =  b.  <£>' 

k  k  ’ 


'ks 


<P 


S-- 

where  (j>  =  1-X.  hence  one  could  find  an  expression 
for  u(n,n+k)/n!  in  terms  of  binomial  coefficients. 

But  this  expr:ssion  contains  3k+3  terms  and  the  exact 
evaluation  of  the  coefficients  rapidly  e  hausts  the  memory 
of  the  computer,  so  this  procedure  is  not  practicable 
for  any  but  small  k,  nor  would  the  result  be  very 
informative  for  such  k.  However  I  can  use  the 
recurrenec  differential  equation  first  to  prove  that 
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[b,;<*'3k  -  V*>'3  i*1Jn  *  Mn  4  Lblc^'3ki„-  (1-1> 
v/here  [? Jn  denotes  the  coefficient  of  Xn/nJ  in  the 
power  series  ?,  and  secondly  to  find  recurrence  formulae 
for  the  sequences  £bk]  and  £c^  .  We  can  use  these  to 
show  that  cfc  =  (3k+1 )kbk/(3k-1 )  and  so  that,  for  k£2, 

bk(n+3k-2 ) ! (n-3k^+2k-1 )  ^  (3^-1 ) !u(n,n+k) 

^  bk(n+3k-1)l  (1.2) 

We  can  transform  the  recurrence  satisfied  by  the 
sequence  (b^  into  a  particular  case  of  the  quadratic 
recurrence  studied  by  Stein  and  Everett  /j35l  and  solved 
by  me  [A3j.  i-iy  solution  leads  to  the  result  that 

bk^ai(3/2)k(k-D!  (1.3) 

as  k— >a>  ,  where  a^  =  0.058538...  (the  value  of 
obtained  by  computing,  using  a  theorem  of  £A3j  to  make 
the  work  manageable).  We  have  then 

u ( n , n+k ) a1  (3/2)k(lc-1 ) !  (n+3k-1 )  !/(3k-1 ) !  (1.4) 

as  n,k  — ^  oo  with  k  =  o(n2).  From  this,  using 
Stirling's  formula,  we  can  deduce  that 

u ( n , n+k )  ^a1(67r)inn+3k'^e2ic"’n(ltk2)-k.  (1.5) 

The  inequalities  (1.2),  very  precise  for  k  =  o(na), 
give  some  ground  for  optimism  over  their  use  in  the 
applications  mentioned  above. 

.‘e  can  go  a  little  further  and  show  that,  if 
k  <  (1-  £.)  (in) * ,w^ere  £  is  a  positive  number 
independent  of  k  and  n,  then  log  u(n,n+lc)  has 
the  asymptotic  approximation  corresponding  to  (1.5) 
with  error  0(1). 
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The  details  cr  this  work  are  embodied  in 
Appendix  1  of  this  report,  which  is  a  paper  £a9J 
which  has  been  submitted  for  possible  publication 
in  the  Journal  of  Graph  Theory. 


Enumeration  of  smooth  labelled  graphs 


2.  This  section  is  an  expansion  of  £  5  of  the  ^econd 
Annual  Report,  containing  further  results.  The  full 
details  are  in  Appendix  2,  which  is  a  paper  fA10J 
submitted  for  possible  publication  to  the  Proceedings 
of  the  Royal  Society  of  Edinburgh . 

A  smooth  graph  is  a  connected  graph  without 
end  points.  Let  v(n,q)  be  the  number  of  smooth  labelled 
(n,q)  graphs.  The  e.g.f.  of  v(n,q)  is 

V(Z,Y)  =  £  v(n,q)ZnYq/n' 

3y  the  core  and  mantle  method  due  to  Riddell  and  to 
ford  and  Uhlenbeck  (see  [b  a ) ,  I  find  the  functional 
equation  satisfied  by  V.  In  this  case,  unlike  other 
applications  of  the  method,  the  inverse  of  the  auxiliary 
e.g.f.  introduced  can  be  expressed  in  simple  terms  and 
so  I  find  an  explicit  form  for  V,  namely 
V(3,Y)  =  logjl  +  £  zne-nZY(i+Y);;n(n-1  )j  _  z  +  az2y> 

?rom  this  I  can  find  a  partial  aiiferential  equation 
(p.d.e.)  satisfied  by  V,  namely 

2  ( 1  -  Z Y ) 3  (  1 +Y  )  Vy  =  Z2  ( 1  -2Y  )  (  Vz  z+ V*  ) 

+  Z3Y2(3-2ZY)Vz  +  Z3Y2(l-ZY)2. 


I  can  also  find  a  direct  combinatorial  proof  (or,  one 
might  say,  a  combinatorial  interpretation)  of  the  p.d.e. 
I  give  this  in  full  in  Appendix  2.  Again,  if  v/s  write 


V  - 
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where 


V.,  =  £  v(n,n+k)(ZY)n/nJ , 

v/e  can  find  xhe  differential  recurrence  formula  for 
as  k  increases. 

A  number  of  asymptotic  results  follow  for  v(n,q). 
<e  v/rite 


fju  =  ( a/n)  -  £  log  n  -  4  log  log  n. 

If  yu-—- >  c  as  n — o  ,  we  can  deduce  trivially  from  the 
work  of  Erdos  and  Renyi  that  the  proportion  of 

labelled  (n,q)  graphs  which  are  smooth  tends  to 
exp(-e”^c)  as  n—}co.  If  yu.— v/e  can  a-. ply  the 
method  of  [B8]  to  the  explicit  form  of  V(Z,Y)  above 
so  as  to  find  an  asymptotic  expansion  for  v(n,q)  and 
so  also  for  xhe  relatively  small  number  of  (n,q)  graphs 
which  are  not  smooth  for  these  q.  See  Theorem  4  of 
Appendix  2.  This  result  can  also  be  found,  but  with 
rather  more  difficulty,  by  the  use  of  the 
Inclusion- Exclusion  Theorem. 

i'inally  I  can  apply  the  method  of  Gul  (almost 
word  for  word,  if  I  replace  0  b  1-X)  to  the  recurrence 
formula  for  V,  to  find  an  a.gymptotic  approximation  to 
v(n,n+k)  if  k  =  o(n~)  as  n  — »oo  ,  viz. 


v(n,n+k)  b/ (n+3k-1 ) !/(3k-1 ) i 
(In  Appendix  2,  we  write  b,  ,  but,  to  avoid  confusion 
with  Appendix  1,  I  use  b/  here).  we  find  that 

b/  ^  d(3/2)k(k-l)l  (2.1) 
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as  k-*oo  ,  where  d  =  0. 1 591 5‘;> . . .  Hence 

v(n,n+k)  ~  d(3/2)k(k-1 )  1  (n+3k-1 )  !/(3k-1 )  I  U.2) 


.  x  , ,,  n+3k— i_2.c-n/ .g:  2 \-k 

v(n,n+kjr*  d(b-n-)~n  e  ' 

as  k,n— Voo  with  k  *  o(n~). 


(2.3) 


10 


A  comparison  oi  these  results 


3.  It  follows  easily  from  Erdos  and  Renyi's 
work  in  /XJ  that,  if  /u— »  -h  co  as  n— >  os?  ,  then 

v(n,q)~u(n,q)^v  K!/  ql(N-q)!  , 

where  N  =  -jn(n-l),  i.e.  almost  all  labelled  (n,q)  graphs 
are  non-separable  and  smooth.  It  is  easy  to  see  from 
[B2J  how  this  happens.  If,  on  the  contrary,  we  consider 
v(n,n+k)  and  u(n,n+k)  when  k  — > oo  with  n  but  k  =  oCn^), 
we  have ,  from  (1.4)  and  (2.2), 

v(n,n+k)/u(n,n+k) ~  b^/b^— ^  d/a1  =  2.71S83...  (3.1) 

This  is  puzzling.  The  sequences  \  ana  £bk"\  are 
defined  by  the  recurrences 

2(k+l)bJ£+1  =  3k(k+l)b(k  +  3B^,  (3.2) 

where  b!|  =  5/24,  b(>  =  5/16  and 

K  -  s(k-s)bsb.c_s 

5*1 

and  by 

2(k+1)bk+1  =  (3k+2)(kbk+3Bk),  (1-1) 

where  b1  =  1/1 2,B£  =  5/48  and 

Bk  ■  'it 
&  *  1 

These  recurrences  look  similar  and  they  have  the  very 
similar  asymptotic  solutions  (1.3)  and  (2.1).  But  it 
does  not  seem  possible  to  transform  one  into  the 
other  nor  even  to  obtain  any  relation  between  them, 
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The  two  papers  [A9]  and[A10j  were  drafted  at 
different  times  of  the  year  and  the  tv/o  recurrences 
(3.2)  and  (3.3)  were  solved  asymptotically  in  very 
different  ways  (see  [A3~]  and  [ A7]  )  •  Thus  the  close 
similarity  between  (1.4)  and  (2.2)  did  not  strike  me 
until  I  started  collecting  material  for  this  report. 

A  further  point  which  only  struck  me  while  I  was 
actually  writing  the  report  is  that  the  number  2.71883... 
in  (3.1)  is  very  nearly  equal  to  e  »  2.71828...,  the 
base  of  Napierian  logarithms  (in  fact,  it  only  differs 
by  2  parts  in  10000).  The  obvious  conjecture  is  that 
there  has  been  a  minor  error  in  calculating  d  or  a^ 
and  that  the  ratio  should  be  exactly  e. 

I  have  made  no  reference  to  all  this  in  [asJ  and 
[aio]  (Appendices  1  and  2)  since,  at  present,  I  do  not 
understand  it.  It  seems  v:”v  unlikely  that  it  is  no  more 
than  a  coincidence  that  v(n,n+k)  and  u(n,n+k)  have 
such  similar  asymptotic  approximations  and  these  in  a 
constant  ratio  (probably  e)  to  one  another.  Clearly  we 
must  recalculate  d  and  a^  (though  we  had  certainly 
checked  tho  calculations  very  carefully).  But  the 
relationship  between  v(n,n+k)  and  u(n,n+k)  for  this 
range  of  k  is  more  intriguing. 


Bipartite  graphs 


4.  :i'he  referee  for  my  paper  M  first  reported 
that  "most  of  the  results  were  contained  in  stronger 
ones  proved  by  Bollobas  in  a  paper  to  be  published  in 
the  Canadian  J.  Hath".  Jr.  Bollobas  was  kind  enough  to 
let  me  have  a  preprint  of  his  paper,  when  it  turned  out 
that  the  overlap  between  his  results  and  mine  was  very 
small  (and  in  this  small  overlap,  amusingly  enough,  my 
proof  was  under  wider  conditions).  He  had  a  beautiful 
theorem  which  I  had  not,  namely,  an  asymptotic  formula 
for  the  connectivity  of  almost  all  bipartite  graphs  on 
m  labelled  red  and  n  labelled  blue  points  when  m/n  is 
bounded  above  and  from  zero  below  as  m,n — ?  oo  ; 
in  fact,  his  result  also  covers  multipartites.  On  the 
other  hand,  the  main  interest  of  my  paper  was  in 
unlabelled  graphs  and  included  the  case  when  m/n—?  0, 
neither  of  which  did  he  touch.  (The  referee  was 
presumably  relying  on  his  memory  of  Bollobas* s  paper.) 
'..lien  I  pointed  out  these  differences,  t he  referee 
reco.  .mended  my  paper  for  publication  and  it  has  been 
accepted. A  revised  form  wr.ich  refers  to  Bollobas  and 
includes  a  further  minor  result  appears  as  Appendix  3 
of  this  report. 

The  further  result  is  that,  if  (m,n)  is 

the  proportion  of  (m,n)  bipartites  which  are  connected, 
then  (i)  if  n2"’m-*  w  as  m,n-»oe  with  m<  n,  then 
o /  — >  e“w  and  (ii)  if  n2~n^  a>  ,  then  o/— >  0.  Jr. 
Bollobas  says  that  he  knows  this  result  and  that  he 
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thinks  he  has  seen  a  published  proof  by  somebody. 

A  conjecture  which  suggests  itself  to  me  and  which  see..iS 
likely,  but  which  I  cannot  yet  prove,  is  as  follows. 

If  m<  n,  then  o(  increases  with  m  and  decreases  as  n 
increases. 

Professor  Brdos  informed  me  that  I.Palasti  had 
written  on  connectedness  in  bipartites.  Her  paper  Z>4] 
proves  the  following  (in  my  notation).  Let  m/n->.A  as 
n  — £  <50  ,  where  0  <  A  4  1  and  let  3  *  £n  log  n  +  cnj. 

Then  the  proportion  of  labelled  (m,n;3)  bipartites 
which  are  connected  tends  to  exp(-ge~c) ,  where  g  =  1 
if  A  ^  1  and  g  =  2  if  A=1.  This  can  be  deduced 
quite  simply  as  a  special  case  of  our  result  from  £a 7J 
stated  in  Theorem  6  of  Appendix  3.  Our  theorem  also 
makes  the  apparent  "discontinuity"  of  g  when  m  =  n 
less  surprising. 

To  me  the  most  interesting  (and  the  most 
difficult)  problems  in  the  enumeration  of  bipartite 
graphs  remain  those  which  occur  in  the  unlabelled 
case  and  especially  when  m/n-»0  as  m,n— ?  oo  . 

I  have  worked  on  these  this  year  and  think  that  I  begin 
to  see  daylight,  but  my  results  are  as  yet  too  fragmentary 
to  be  worth  reporting.  They  give  some  indication 
already,  however,  that  phenomena  may  occur  as  interesting 
and  as  surprising  as  in  the  case  of  ordinary  random 
graphs  (see,  for  example,  £b9»B10,B1 1 ,B12,AlJ). 
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Some  further  problems 


5.1.  I  am  actively  engaged  in  investigating-  the 
problems  mentioned  at  the  ends  of  $3  and  §4. 

5.2.  I  still  have  to  write  up  for  publication 
(if  possible  in  a  simplified  form)  the  proof  of  my 
results  on  the  behaviour  of  |3(n,q),  the  proportion  of 
unlabelled  graphs  on  n  points  and  q  lines  which  are 
‘connected,  as  q  increases.  These  results  were  announced 
in  £b9,B10 J;  both  the  nature  of  the  results  and  the  fact 
that  so  much  can  be  found  are  surprising.  But  the  methods 
are  elaborate  and  the  details  complicated. 

5.3.  Dr.  Sheehan  and  I  have  nox  yet  found  time 
to  apply  further  our  use  of  the  idea  of  a  "ghost" 
asymptotic  expansion  nor  indeed  to  publish  an  account 
of  the  method. 

S'.lt-.  There  remain  the  possible  applications  of 
the  result  of  £  1  to  a  problem  in  Statistical  mechanics. 


Appendix  1 


The  number  of  co  nected  sparsely-edgei  graphs  IV 
hr^e  non-se  ar-Tule  graphs . 

E.i-l.'.'/rlp;ht 

University  of  Aberdeen 
(Submitted  to  J.  Graph  Theory) 


Abstract 

The  number  of  non-separable  graphs  on  n  labelled 

points  and  q  lines  is  u.’n,q).  In  the  second  paper  of 

this  series  I  showed  how  to  find  an  exact  formula  for 

u(n,n+k)  for  general  n  and  successive  (small)  k.  The 

method  would  give  an  asymptotic  approximation  for  fixed  1c 

as  n— >>oo.  Here  I  find  an  asymptotic  approximation  to 

u(n,n+k)  when  k  =  o(n  '  )  and  an  a  proximation  to 

log  u(n,n+k)  when  k  < (1-  fe )^(n/3) .  The  problem  of  finding 

1  /2 

an  approximation  to  u(n,q)  when  (q-n)/n  7  — >  +  oo  and 
(q/n)  -  i  log  n  -  i  log  log  n  — ^  —  ca>  is  open. 


16 


Introduction 


1.  An  (n,q)  graph  is  a  simple  graph  on  n 
labelled  points  and  q  lines  (no  loops,  no  multiple  lines;. 
Such  a  graph  is  said  to  be  non-separable  (or  a  block  or 
2-connected)  if  it  is  connected  and  cannot  be  disconnected 
b  -  the  removal  of  any  one  point  an.-  its  adjacent  lines. 

\le  write  u(n,q)  for  the  number  of  non-separable  (n,q) 
graphs.  Ihe  determination  of  u(n,q)  and,  in  particular, 
of  an  asymptotic  approximation  for  large^  almost  equal 
n  and  q  is  related  to  problems  in  statistical  :  ec'nanics 
(see  Li],  [4  , esp.  p.14lj  and  £5]). 

We  put  =  (q/n)  -  w  log  n  -  i  log  log  n.  frdos 

and  uenyi  [2]  proved  that,  if  c  as  n  — ^  oo, 

v/here  c  is  a  fixed  number,  then  the  proportion  of  (n,q) 

/  —2  c  \ 

graphs  which  are  non-separable  tends  to  exp(-e  ). 

It  can  readily  be  shown  that,  for  fixed  n,  the  proportion 
increases  (at  least  in  the  non-strict  sense)  with  q.  Hence, 
if  !*.— } -b  ,  almost  all  (n,q)  graphs  are  2-connected, 

while,  if  yu— >  —  <x>  ,  almost  none  are  2-connected. 

It  is  trivial  that  u(n,q)  ■  0  if  q<  n-1 .  Again 
u(2,l)  »  1,  but  u(n,n-1)  =  0  if  n>  2,  and  u(n,n)  «=  i  £(n-1 )  l} 
if  n>3.  In  £d  I  found  a  met.  od  to  calculate  an  exact 
formula  for  u(n,n+k)  for  successive  k?1;  for  example 
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24u(n,n+l)  =  (n-3 )  (n+2  )n.' 


(n>3) 


The  method  can  be  carried  out  by  a  computer  (see  f3,6j 
for  a  similar  method),  but  as  the  resulting  formula  has 
3k+3  terms,  it  is  not  very  informative  for  substantial  k. 
Por  bounded  k  it  does  yield  an  asymptotic  formula  as  n->  oo. 
Here  however  I  develop  the  method  further  so  as  to 
obtain  trie  following  theorem. 

Theorem  1 .  Por  all  k  i  2 , 
b1,(n+3k-2 )  1  (n-3k2+2k-1 )  .<  (3k-1)I  u(n,n+k) 

£  bi:(n+3k-1)i,  (1.1) 

’■/here  b1  =  1/12,  b2  =  5/48  (1.2) 

(1.3) 


-  “2 


s(k-s)bsbk_s 


(k>2) 


2(k+1)bk+1  =  (3k+2)(kbk  +  3Bk)  (k*2).  (1.4) 

o 

If  3k  -2k+1 £  n,  the  left-hand  inequality  in  (1.1 ) 
tells  us  nothing  new,  since  obviously  u(n,n+ic)iO.  for 
smaller  k,  however,  v,e  can  immediately  deduce  the 
following  theorem. 

Theorem  2.  If  2£k  =  o(n1'^2),  then 
u(n,n+k)  »  b^.  {(n+3k-1 )  J/'(3k-1 )  l)f  1  +  0(k2/n)}  , 
as  n— >  oo.. 


18 


,  where  £  is  a 


Again,  if  2 $  k<  ( 1- fc  )/n/3) 
positive  number  independent  of  n,  then 

log  u ( n , n+k )  =  logfbk(n+3k-1 )  l/(3k-1 )  i]  +  0(1).  (1.5) 

If  k-*o©  as  n— *  as  ,  Theorem  2  and  (1.5)  are  again 
uninformative  unless  we  can  "solve"  (1.4)  asymptotically. 

The  solution  is  as  follows. 

Theorem  5.  As  k—^  od, 

b-K  =  a1(3/2)k(k-1)!{l  +  0(k"1)},  (1.6) 

where  a1  =  0.058538... 

Using  the  well-wnown  approximation  to  the 
factorial  of  a  large  number  (lemma  1  of  [8j ,  since 
t!  =  P(  t+1)),  we  obtain  the  following  two  results  from 
Theorems  2  and  3  and  (1.5). 

1  /2 

Theorem  4.  If  k— ^jo  as  n— >oo  but  k  *  o(n  '  )f  then 

u(n,n+k)  *  a2nn+^^~^e^^"”n(  18k2  )“^£l  +  0(k~^ )  +  ©(k^/n)}; 
where  a.2  =  a^/(6x)  *  0.25415... 

Theorem  5.  If  k~>a>  as  n  — >oo  ,  but  k  <  (1-  £  )/(n/'3) , 
where  £  is  a  positive  number  independent  of  n,  then 
log  u(n,n+k)  =  (n+3k--j-)log  n  -  k  log  (18k2)  -  n  +  2k  +  0(1). 


19 


is  v.e  indicate  in  $  4,  we  ca;.  obtain  a  closer 

approximation  to  b..  than  in  (1.6)  and  so  improve  the 
—  1 

error  term  0(ic"  )  in  Theorem  4  at  the  cost  of  a  little 

complication.  There  remains  the  problem  of  finding  an 

1  /2 

asymptotic  approximation  to  u(n,n+k)  when  k/n  '  — ^  o o 
and  >  — oo  .  This  seems  difficult  and  I  have  no  ideas 
towards  a  solution. 

Vie  have  now  to  prove  Theorems  1  and  3. 
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2 .  Fundamental  lemmas 


*6  write 

"u  .  =  U,.(X)  =  ^  u(n,n+k)Xn/nl , 

r"  >v 

the  exponential  gen  rating  function  of  u(n,n+k).  (The 
pov/er  series  converges  when  /  X|  <  1 ,  but  we  do  not  need 
this  and  in  fact  treat  U,  as  a  formal  series.)  Dashes 
denote  differentiation  with  respect  to  X.  .e  write 
<p  =  1-a  and,  for  shortness,  yj  ^  =  XU^  +  kU^. 

Lemma  1 .  For  all  k*  2 ,  we  have 


2 


7  k+1 


"  Jk’ 


(2.1) 


where 


J..  = 


and 


*  >;2uLi +  <«s'1+1>(7k+1?k-i)  -2v, 


,-2tt// 


-1 


+2X^“1(: 

\  =  21  Us7k-, 

*-1 


k  +  Tk-1 ) 


(2.2) 


(k>2), 


T.,  =  0. 


Lemma  1  is  immediate  if,  in  we  substitute 

from  (4)  in  (5),  equate  coefficients  of  and  divide 

through  by  Cf>  .  Lemma  1  can  be  proved  by  a  direct 
combinatorial  argument,  but  this  is  inevitably  longer. 

In[7l  v/e  shov/ed  that  can  be  expressed  as  a 
finite  sum  of  powers  of  ,  mainly  negative.  For  example, 
12U1  =  $2"  3  -  2  Cp~2  -  2<jtf_1  +  8  -  10  +  2<j62  (2.9) 


and 

48U2  =  5p~6-  14^>'r+  7<£V+  8 -  3(p1‘+  2</>‘1  -  19  +  20£  - 
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-t 


Tor  ki,  1 ,  e  have  n  % 

U._  =  b,.^"0"  -  c -  <^"5k+1  +  Zi  ukt^ 

where  we  now  take  (2.5)  as  the  definition  ok  -he 
sequences  ^b^.-}  and  fc,,^  and  have  to  prove  (1.2)  ana 


(2.5) 


(1.4). 

le.ana  2.  The  sequence  fb^j  defined_b2  (2.5) 
saxisf ies  (1.2)  and  (1.4).  also 

c„  =  (3k+1  )kb../(3k-1 ).  (2*6) 

IV 

Prom  (2.5)  ana  (2.4)  we  s-e  t  at  (1.2)  is  true 
and  that  (2.6)  is  true  for  k  =  1  and  k  =  2.  .<e 
substitute  from  (2.5)  in  (2.1)  and  equate  the  coefficients 
0f  ^-5k-4.  After  trivial  calculations,  in  which  we  use 
the  fact  that,  for  any  sequence  f^t],we  have 

C~\  tr'-‘ 

we  obtain  (1.4).  Again,  if  we  equate  xhe  coefficients 
of  f*"3k"3  and  use  (1.4)  and  (2.7),  we  obtain 
2(3k+2)ck+1  *  6(k+l)bk+1  +  (3 k+1  +  (3x-1 ) (qk+1  )c-K 

+  6(3k+1  )ji_  (k-s)(3s-1  )bk-gcs.  (2.8) 

s=r 

How  (1.2),  (1.4)  and  (2.8)  together  fix  the  value 
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of  c._  for  all  k^l.  ,.'e  know  that  (2.6)  is  true  for 

i  w 

k  =  1  and  k  =  2.  If  v;e  substitute  from  (2.6)  in  (2.fc)» 
the  latter  reduces  to  (1.4).  Hence  (2.6)  is  true  for 
all  k  £  1 .  f 
If 

P  =  P(H)  =  £  f(n)Xn/nJ, 

'tiiO 

v/e  write  =  f(n).  If  £f3-i  for  all  n^O,  we  say 

that  F’>  0.  Hiailarly  i  ?2  means  that 

2?  n  "  or 

all  n^O.  dince  v/e  treat  all  power  series  in  X  as  formal 
power  s::ries  and  never  consider  the  value  of  ?  for  a 
particular  value  of  X,  no  confusion  arises  from  the 
notation.  ’Theorem  1  follows  from  Lemma  2  and  the 
following  lemma,  which  v/e  have  still  to  prove. 

Lemma  3.  He  have 

b  1^“5  -  c1(0~2+^~1)  i?  U1  5  b^"^  (2.9) 

and. 

bk#"3;:  -  <V^"3X+1  <;  Uk  <  bi:^~3ic  (ki2).  (2.10) 
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3.  Proof  oi'  lemma  3. 

(2.9)  oollows  trivially  from  (2.3).  To  deduce 
(2.10)  for  k  =  2  from  (2.4),  it  is  enough  to  show  that 

2  <p''-  tq  +2O#-6<pl'20 

and 

/4  i<j-20>t>  +  6'plzOJ 

which  r.re  also  trivial. 

To  prove  lemma  3  by  insuction  on  k,  v/  lave  now- 
only  to  prove  the  following  lemma. 

lemma  4.  If  (2.10)  i^  true  for  2^k£  j,  ..-here 
j  2f  2 ,  then  (2.10)  i-  tru..  for  k  =  j+1. 

,/e  '.rite  D  *  d/dX  and  remark  first  t  at  the 
operator  XI  +  k,  applied  to  any  formal  power  series, 
multiplies  the  coefficient  of  Xn  by  n+k.  If  k  ^ 1 ,  it 
follows  that  XI)  +  k  is  a  bipositive  operator,  i.e. 

F  £  0  ^  (Xi)+k)?>  0 

for  any  formal  power  series  P.  Similarly 

?1  >  F2  ^  ( XD+k ) F 1  ^  ( XD+k ) F2 .  (3.1) 

ITow 

(h-j+k)^-^  =  k^"5iC“1(l+2  X)  (3.2) 
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and  so,  by  (3.1),  to  prove  lemma  4,  it  is  enouii  to 


s  .0 v;  t  at 

2«j+1i  Jt1  #  ,f(n*X)  (3.3) 

follows  from  t.-.e  hypothesis  of  lemma  4,  where 
H.;  =  Ul+k)(b_.-ck^  )^“3k 

=  3kbk^"3k~1£l  -  (k+1)^j  +  (2k-l)ck^“5K+1.  (3.4) 

Je  now  assume  the  hypothesis .  lor  1  <  k <  ;• ,  we  have 

h  b._<£_;5k,  3'.:bk<^  ">K~1 ,  3--c(3k+1  )b.  ^>~3  z~2 

and,  by  (3.1)  and  (3.2), 

kb..<^”5i:-1(1+2X);<:  3kb..0-3-:_1.  (3.5) 

/A,  A  iV  r 

Hence 

2T  <,4(i+2::)£“3‘:“3£;  s(k-s)  (5s+i  )b  b  . 

*/f  S  ‘“s 

=  3(3k+2)Bk(1+2X)^”3k“3 
by  (2.7). 

./e  have  then  where 

=  A2^”3^“4^3(3j  +  1 )  jb  i  +  3(3j-2)X2(  j-ljb^#5 

+  (1+  <P  )  (1+2X)  (  jb  .  +  ( j— 1  )b  •  .  0  3 )} 

J  J  ™  * 

+  3X(jf3'-“4(l+2X)f(3j+2)B,  +  (3  j-1  )B  .  .  <J>  3J 

t;  J 

and  B1  =  0.  To  prove  the  right-hand  inequality  in  (.3.3), 

it  is  enou  'h  to  show  that 

h,  4  2(j  +  1)b.  +  1^"3^"4(l+2X).  (3.6) 
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?ut,  if  we  use  (1.3)  and  rearrange,  we  see  that  O.o) 
is  equivalent  to 

i1(3+l)1t>j+1  +  K2jb3  +  K5^-1)b3-1^  °* 
where 

*  K1  =  2(1+2X)f>“3;j“5£  0, 

x2  =  x(3 j+x)^“5;j'5  +  aV"^"2  ^  o, 

=  (3j-2)X£>”5;5(1+3X+3x2)  +  X^“3;i+1  (1+2X)  ->  0, 
and  the  inequality  follows. 

20  prove  the  left-hand  inequality  in  (3.3),  we 


require  the  following  minor  lemma. 

Lemma  5.  If  ?i  (1  «  ii  6)  are  power  series  such  that 


Ih.^O  and 


?1  *  F2”P3  ’ 


V 


teen 


*1*4  2  P2P5  ‘  *3*5  "  *2*6* 


(3.7) 


If  x1 , . . . ,Xg  are  non-neative  numbers  ana  if 
x1 £  x2-x5  and  x^  £  x^-x^then 

x,x4  J.  x2x5  -  x;x5  -x2x,.  (3.8) 

V/e  may  now  2ut 

x.  =  [fJs  xi  =  frjn-s  (4^i<6) 

by  the  hypothesis  of  Lemma  5.  Summing  eace  side  of  O*  ) 

from  s  =  0  to  s  =  n,  we  find  that 

C?1P4^n  '  "  P3P3  "  F2F6^n 

for  all  niO,  that  is  (3.7).  # 
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By  the  hypothesis  of  Lemma  4,  for  2<k<  3 ,  v/e  have 

\*  *£*-'*  ~  ck^"3k+1»  Uk^kbli3^”5‘C-1  "  (3k+1)0“3k}y 

U*  >  3k(3k+1  )bk(0~3k“2  -  k0“3k_1 ) ,  (3.9) 

yjk  =  XU/.  +  kUk  £  3kbk|<^‘,t*-^/j^'i/,/-#-/<  0  3ktl{Ok+l)t('-<i f} 
i  3.vbk  £  0~*A  - (U  -hJ 4>~*}y  (3.10) 

since 

c.  =  k(3k+1;bk/(3k-l)  <  (3k+1)bk 
b  (2.6).  Ayain 

U1  ^b^^-3  -  2  <f>~~  -  2  0”1),  ^3b1(^>-4  -  2  0>-3) , 

which  is  (3.10)  for  k  =  1,  and 

U![  >  4b1(3X^>"5  -0-3). 

"once,  if  25  k£  3-1 ,  by  lemma  5, 

U  f  7  ._k  >  9(5k+1  )k( o-k)b,,b  ~3;3_3  -  (D+1)<^“3;i"2i'  (3.11) 

Ayain,  by  Lemma  5, 

u^j.-,  £  12(3-1  )b1b;j_1<?>'3;5"3(3::  -  33X0  -02) 

*  36(j-1  Jb^^f^”33”3  -  (3+1)0  ~^~2}s 
which  is  (3.11)  with  k  =  1.  Hence, by  (3.11)  ^2.  <~f)  J 

llj  Z  9(33+2)3.  ^>”5d“3/l  -  (3+l)0j.  (3.12) 

Clearly,  by  (2.2), 

J.  £  xV^"2  +  X2(0“3+0”2)  7  ,  +  2X0"1i.’.  -  27. 

0  t)  v  v  '  i) 

and  so,  by  (3. 9), (3. 10), (3. 12)  and  (3.3), 
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h>v‘.  (i-i*# -<p)t%  t(i  -(i+'h)  0-*$ 

■+  ^f}  j  +t)\  f1  *3  -  4>  % 

Using  ( 1  .If.)  and  simplifying,  we  find  that 
XK4  =  6(3+1  )b.+1K5  +  jb.XKg  >.  6(3  +  1  )b.  +  1r.5 

wnere  X^  «  [l  -  (3+1)^  (1  -  <f*  ) and 
X6  =  3(332+3-D^"3j"2  +  (33-1  ^  0. 

To  prove  that  J^2R^  +  ^,  it  is  then  enough  by  (3.4) 
to  show  that 

>  6  U  +  2/2^1) 

that  is 

£3(3+1  )2^ j+1  -  (23+i)c.+1]^"3;3_2  >jtr4 C*'|) 

Now,  by  (2.6)  and  (1.45, 

3(3+D2bd+1  -  (23+1  )c^+1  =  (3+1)b.+1(332+4^)/(33+2) 

But  ^”3^“2  0  and  (3.13)  follows. I 
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4.  Proof  of  Theorem  3:  .the  behaviour  of 
If  we  ..rite  =  1 »  ^2  =  2/3  an cL 
3_.  i  =  22iC+131_kkb  (k  >  1), 

At  I  A 

we'  find  that  (1.2)  and  (1.4)  are  equivalent  to 

Sk+1  =  SsSk+1-s  (-^1),  si  =  1« 

This  is  the  particular  case  (b  =  )  of  the  more  general 

recurrence  formula  studied  in  L€-  Theorem  2  of  [9]  gives 

us  Theorem  3  of  the  present  paper,  computation  supplying 

the  v„lue  of  a^ .  .e  can  in  fact  deduce  that 


■  a‘  Cx) 


°lk  -  <t  (tff. Lk-i)[-  f  lk-i)!  -j£  -  0(ik-k JO] 


for  large  k  (or  indeed^/further  terms  of  the  asymptotic 
expansion) .  f 
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(Submitted  to  iroc.  Roy.  Soc.  Edinburgh  A) 


Synopsis 

An  (n,q)  graph  is  a  graph  on  n  labelled  points 
ana  q  lines  without  loops  or  multiple  lines.  le  ’..'rite 
v(n,q)  for  the  numcer  of  smooth  (n,q)  graphs,  i.e. 
connected  grapes  without  end  points,  and 
V  =  V(Z,Y)  =  v(n,q)ZnY^-/n!  for  the  exponential 
generating  function  of  v(n,q).  he  use  the  Ri  dell  'core 
and  mantle"  method  to  find  an  explicit  form  for  V  (not, 
as  usual  with  this  method,  only  a  functional  equation). 
From  this  we  deduce  a  partial  differential  equation 
satisfied  by  V.  i/e  interpret  this  equation  in  purely 
combinatorial  terms,  ./e  write  ^  v(n,n+k)Xn/n!  and 

'tv 

find  a  recurrence  formula  for  V.  for  successive  k.  ,/e 
use  tcese  and  other  results  to  find  an  asymptotic 
expansion  for  v(n,q)  as  n-^oe?  when 
(q/n)  -  &  log  n  -  i  log  log  n  — ^  -p  o O  and  an 


Ik 


1/2 

asymptotic  approximation  to  v(n,n+ky  when  0<  k  =  o(n  ) 

1  /2 

and  to  log  v(n,n+k)  when  k<  (n/3)  (1-£). 


1 .  Introduction 


An  (n,q)  graph  is  a  graph  on  n  labelled  points  and 
q  lines  without  loops  or  multiple  lines.  A  smooth  graph 
is  a  connected  graph  on  3  or  more  points  without  end 
points.  V/ e  write  N  =  sn(n-l)  and  B(h,k)  =  hi/ £ki  (h-k)  l]  , 
so  that  B(N,q)  is  the  number  of  (n,q)  graphs.  Hence  the 
exponential  generating  function  (e.g.f.)  of  this  number  is 

R  =  R(Z,Y)  «  1  +  Zn(l+Y)N/ni 

'H  *  f 

Again  f(n,q)  is  the  number  of  connecuea  (n,q)  graphs 
and  v(n,q)  the  number  of  these  w  .ich  are  smooth;  the 
respective  e.g.f.s  are 

Op  ^ 

1  =  ?U,Y)  »  £  £  f(n,q)ZnYq/ni 

=  1  ph-1 

and 

®  V, 

7  =  V(Z,Y)  =  £  v(n,q)ZnYq/ni 

^:h 

A  result  due  to  Gilbert  M  tells  us  that 

R  =  ex.  (1.1) 

.ce  use  tie  "core  and  mantle"  method  due  to  Riddell 
m  and  lord  and  Uhlenbeck  [37  to  find  a  functional 
equation  satisfied  by  V.  A  simple  account  of  this 
method  is  given  in  [^7  pp.  10,11,  -..here  it  is  used  to  find 
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a  functional  equation  satisfied  b.  the  e.g.f.  of 
2-connected  labelled  raphs.  It  has  been  modified  by 
•  alsh  Id  to  find  a  more  complicated  equation  satisfied 
by  the  e.g.f.  of  3-connected  labelled  graphs.  Unlike  the 
situation  in  these  applications,  however,  the  functional 
equation  in  the  case  of  smooth  graphs  can  be  solved 
to  find  an  explicit  form  for  V.  This  is  because  the 
particular  auxiliary  e.g.f.  introduced  (that  for  rooted 
trees)  has  a  simple  inverse.  I  shall  thus  prove  the 
following  theorem. 

Theorem  1:  V  =  log  R(de”i',Y)  -  2  +  -jZ^Y. 

subsequently  I  give  the  various  consequences 
including  asymptotic  expansions  of  or  ai proximations  to 
v(n,q))  w'-  ich  can  be  deduced  from  this  or  found 
otherwise,  ./here  these  can  be  found  by  methods  already 
published  in  other  applications,  I  give  reference  £' 
to  these  methods  rather  than  repetitive  proofs. 
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2 .  Prooi'  of  Theorem  1 

./e  write 

fl-(X)  =  ^  nn-1Xn/nJ  (2.1 } 

Th“  e.g.f.  for  rooted  labelled  trees  is  then  g  =  G(ZY)/Y. 
Again  the  inverse  of  G(X)  is 

X  =  Ge"G.  (2.2) 

This  result  is  well  known  (see  IQ  or  £iQ  for  example) ; 
the  simplest  proof  consists  of  defining  G  as  the  solution 
of  (2.2)  w-'.ich  vanishes  with  X  and  using  Cauchy's  theorem 
in  an  obvious  way  to  prove  (2.1).  !e  remark  that  the 
series  in  (2.1)  converges  for  j  xf  <  e””' ,  unlike  the 
series  for  f  ana  V  which  are  formal,  it  follows  -.hat 


Consider  a  connected  (n,c)  graph  which  is  not  a 
tree,  so  that  q^n.  Je  pluck  .he  graph  by  removing  each 
end-point  ana  its  adjacent  line,  continuing  the  process 
until  we  are  left  with  a  smooth  graph.  Je  can  restore 
the  original  graph  by  rootin  an  appropriate  tree  (which 
may  be  the  single  point  at  the  root)  at  each  point 
on  the  smoo'  n  graph.  It  follov/s  that 

F(Z,Y)  =  V/_1  (ZY)/Y  +  V(g,Y),  (2.4) 

where  J  ^(ZY)/Y  is  the  e.g.f.  for  the  number  of 
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(unrooted)  labelled  trees,  so  t.nat 

■J  AX)  •  £  nn_2Xn/ni 

_  l2 

formula  (8)  of  (_11J  gives  us  :1_^  =  G  -  iG  ,  so  that 

v/_1  (^:y)  =  sy  -  i-g2y2. 

Hence,  by  (2.2)  ...ni  (2.4),  v/e  have 
F(ge~gY,Y)  =  g  -  ig2Y  +  V(g,Y). 

Since  Z  has  now  disappeared,  v/e  may  replace  g  by  Z 
and  v/e  have 

V ( Z , Y )  =  F(Ze"ZY,Y)  -  Z  +  4Z2Y. 

Theorem  1  follows  by  (1.1). 
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3.  Partial  differential  equation  satisfied  by  V. 
ie  -rite 

S1  -  ^  Zne"nZY(1+Y)N/(n-j)Jy 

so  that 

SQ  =  R(Ze"ZY,Y)  =  exp(V+-  Z  -  £Z2Y) 
ty  Theorem  1 .  Differentiating  partially  with  respect 
to  Z  (twice)  and  with  respect  to  Y,  we  have 

Z30(VZ  +  1  -  3Y)  =  S1 ( 1-ZY) , 

Z23q{vzz  -  Y  +  (Vz+1-ZY)2j  =  31  [( 1-ZY)2  -  l]  +  32(1-ZY) 
(VY  -  -5Z2)S0  =  -Z31  +  i32(l+Y)_1. 

Eliminating  3q,  3^  and  S2,  we  have  the  following 
theorem. 


Theorem  2.  The  partial  differential  equation 


4.  Direct  combinatorial  proof  of  Theorem  2 
It  is  of  some  interest  to  give  a  direct 
combinatorial  interpretation  or  proof  of  Theorem  2. 

To  do  so,  ve  'write  (3.1)  in  the  form 

VY  =  Q1  +  Q2  +  Q3  +  Q4  +  Q5,  (4.1) 

where 

Q1  =  -fzV^I-ZY)”1,  Q2  =  iZV2(l-ZY)~1  [(1-ZY)"2-1-2ZY}  , 
3,  =  iz2v?(i-ZY)~2,  ;  =  ?z2v,,7  -  yvy, 

J  u  4-  i-i  u  1 

%  -  iZ2Vazf(l-ZY)-2  -  ij  . 

Je  take  the  set  (J3  of  all  smooth  (n,q+1)  graphs 
in  each  of  which  one  line  is  chosen  as  special.  Since 
this  ci.oice  can  be  made  in  q+1  v;ays  in  each  graph,  v/-? 
have  =  (q+1  )v(n,q+1 ) .  ’,/e  separate  the  set  <f3 

into  five  mutually  exclusive  sub  sets  <»« 

The  set  contains  all  the  members  of  (ft  in  which 

no  point  is  of  degree  greater  than  2,  i.e.  every  graph 
which  consists  of  a  single  circuit.  Dach  of  the 
remaining  members  of  G3  has  at  least  one  point  of 
degree  greater  than  2.  It  follows  that,  in  each  of 
these  graphs,  the  special  line  either  belongs  to  a 
suspended  circuit  (i.e.  a  circuit  all  of  whose  points 
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except  one  are  of  de  ree  2)  or  to  a  suspended  path 

(i.e.  a  path  of  length  one  or  more,  all  of  whose  internal 

points,  if  any,  are  of  degree  2  an.,  each  of  w.ose 

different  end-points  is  of  degree  greater  than  2). 

If  the  special  line  belongs  to  a  suspended  circuit, 

we  put  the  graph  in  sub-set  .  If  the  special  line 

belongs  to  a  suspended  path  and  if  its  removal 

disconnects  the  graph,  we  put  the  graph  in  set  > 

In  each  of  the  remaining  graphs,  the  removal  of  the 

special  line  leaves  the  graph  connected;  if  the 

arte. 

suspended  path  is  of  length,  i.e.  consists  of  the 
special  line  alone,  we  put  the  graph  in  sub-set 
if  nor,,  in  sub-set 

Kow  consi  dtr  the  collection  *£.  of  (n,q)  graphs 
formed  bp  removing  the  special  line  from  each  of 
tne  graphs  in  03  .  (A  collection,  not  a  set,  since 
in  general  some  lines  will  occur  more  than  once). 

The  five  sub-collections  ^  (It  i£  5)  are  formed  in 
the  same  way  from  the  sub-sets  ft*.  w  e  have 

— ■  (q+1)v(n,q+1) 

and  so  the  e.g.f.  of  m  is  v 
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The  figure  s> ows  a  typical  number  of  each  of  the 
, The  shaded  areas  represent  smooth  sub- praphs  and 
the  broken  line  the  “'removed"  line.  The  graphs  in  ^ 
are  simple  paths  with  n  points  (n£  3)  and  q  =  n-1 
lines;  hence  j^f  -  is(nl)  and  th-  e.g.f.  of  j*€ J  is 

£  7nYn_1  =  z3Y2(1-ZY)"1  =  Q.  . 

1 

The  ;raphs  in  are  connected  and  have  all  their 

points  of  de  ;ree  not  less  than  2;  i.e.  they  are  smooth 
(n,o)  graphs,  bach  such  graph  can  be  obtained  by  the 
removal  of  any  one  of  k-q  lines  ABj  each  from  an 
appropriate  (n,q+l)  graph;  hence  Kl  -  ( N— q ) v ( n , q ) 
and  the  e.g.f.  of  f^J  is  -  YVy  = 

The  graphs  in  (*£./  consist  of  a  smooth  graph  with 

■/iOtiti* 

two  of  its^ joined  by  a  broken  suspended  path  of  original 
length  greater  than  one.  The  e.g.f.  of  the  number  of 

,  2 

smooth  graphs  with  two  distinguished  points  is  y-Z  ^ • 

The  broken  suspended  path  has  its  two  end  points 
unlabelled  for  counting  purposes  and  one  line  missing f 
the  number  of  such  paths  is  (n+1 )  J  where  n£1,and  the 
correspondine  e.g.f.  is 

£  (n+1 ) ZnYn  =  (1-dY)"2  -  1. 

+\>i 
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by  trie  multi plication 


Hence  the  e.g.f.  of  141  is  , 

property  of  e.g.f. s  (see  [6]>. 

hach  graph  in  ^  consists  of  two  smooth  sub-graphs 
each  with  a  distinguished  point  (A,B  in  the  figure)  and 
a  broken  suspended  path,  of  length  1  or  move,  each  of 
whose  end-points  are,  for  counting  purposes,  unlabelled. 

The  e.g.f.  of  the  number  of  smooth  graphs  each  with  a 
distinguished  point  is  ZV.,  ana  the  e.g.f.  of  the  broken 

U 

suspended  path  is  (n+l)ZuYn  =  (l-ZY)~^.  The  e.g.f. 

of  is  therefore  Q^,  the  tr  occurring  since  otherwise 

each  graph  of  *€. ^  is  counted  twice. 

Zach  graph  in  consists  of  a  smooth  graph 
■with  a  distinguished  labelled  point  C,  a  s"spended 
path  CD  (in  which  C  is  unlabelled,  all  other  points  are 
labelled  ana  C  arm  D  may  coincide)  and  a  broken 
suspended  circuit  in  which  D  is  unlabelled.  The 

V  —1 

corresponding  e.g.f. s  are  ZVZ>  ( 1-ZY )  and 

£  (n+1  )ZnYn  =  il(1-ZYr2  -  1  -  2ZY} 

(hit 

respectively.  Hence  the  e.g.f.  of  41  is  hhis 
completes  the  direct  combinatorial  proof  of  (3.1)  in 
the  form  (4.1). 
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5.  dparsely-edged  smooth  graphs 
If  .-/e  put  X  =  ZY  and 


V.  =  v(nfn+k)Xn/n! , 


we  have  V  = 


V,Y  .  dubstituing  in  (3.1)  and 


k>.o 


,k+1 


equating  coefficients  of  Y  ,  we  find  that 

I  5  /  /TT / 


2(i-x)^xv^,  *  (k.Dv^p 


.  X2(1-0v.“  -  (2-6X+5X2 )XvL  -  2(1-X)3kV, 

K  ^  h  K 

+  x2(1-x),S  vhvk-h> 


(5.1) 


wu-re  dashes  denote  differentiation  with  respect  to  X. 
:.ince  v(n,n)  =  -y  [(n-1  )!},  we  have 


=  Xn/n  =  -:>(log  (1-X) 


+  A  4- 


■j). 


./ith  this,  we  can  use  the  obvious  integration  of  (5.1) 
to  obtain  a  formula  for  V^+1  in  terms  of  an  integr-  1 


involving  (0<h£k),  i.e.  a  recurrence  formula 


satisfied  by  for  successive  k.  However  in  Li  d  I 


describe  an  alternative  method  of  determining  V,.  as  a 


K 


finite  sum  of  powers  of  (p  -  1-X,  viz. 

■2 

•3*  -  .<j6”3k+1  +  >  ~ 


\  -  *>,<£• 


-  c 


S:-)kt 1 


ks 


(U1);  (5.2 


where  th  ;  c.  are  those  given  in  Theorem  4  of  fill 

S  A-*  ^ 


ana  b,,  =  c,  ,  .  c,  =  -c,  .  ,,  .  These  can  be  calculated 

k  ic,-5K’  k  k,1-3k 


by  computer  by  the  methods  described  in  N  and  bO  and, 
as  shown  in  fjl 5 J ,  where  d^  is 

the  sequence  described  in  Theorem  5  below. 
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6 .  Asymptotic  approximations  to  v(n,q) 

',/e  suppose  first  that 

s(q/n)  -  h  log  n  -  h  log  log  n  — ^  c  (6.1) 

as  n— .  Then  Zrdos  ana  Renyi  proven  VQ  that  tie 
proportion  of  (n,q)  graphs  in  which  the  minimum  degree 
is  2  tends  to 

D  =  1  -  exp(-e”2c) 

and  that  the  proportion  in  which  the  mini/mw  degree  is 
3  tsnds  to  0.  Again  the  same  authors  proved.  L'l  that  , 
if  (6.1)  is  true,  the  proportion  of  (n,q)  graphs  which 
are  connected  tends  to  1 .  The  following  theorem  is 
immediate . 

Theorem  3.  If_  (6.1)  is  true,  t-.en  the  proportion 
of  (n,q)  graphs  which  are  smooth  tends  to  D  as  n — ^  ooy 
that  is 

v(n,q)/B(K,q) — >  D. 

Next  let  us  suppose  that  as  n — ?  oa- 

irom  Theorem  1,  we  have 

exp(V+Z~yZ2Y)  =  1  +  2ne“nZY(1+Y)iVn: 

,/e  can  then  use  the  method  of  [lOj  to  find  an  asymptotic 
expansion  for  v(n,q).  The  worm  is  cumbrous  in  detail, 
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but  follows  t  .at  of  [10}  i;.  a  fairly  obvious  manner. 

;'e  write  Nr  =  7-(n-r)  (n-r-1 ) .  The  result  we  obtain  is 
as  follows. 

'fheoxam  4.  If  ju  +ao  as  n  — ^  £»  ,  then 
v(n,q)  =  3(11,  q)  -  n[h(KJ>q)  +  (n-1  )B(i*,q-1  )} 

+  3(n,2)  ^B(l!2,q)  +  (2n-3)B(N2,q-1  )+(n-2)2B(N~  , q-2 )} 

-  B(Tl,3)|3(ii3,q)+3(n-2)3(::3,q-1)+3(n-25(n-3)B(K3,q-2) 
+  ( (n-oy^+l  )3(:T-,q-5)] 

+  ojn'  3(:;4,q-4)) 

/izh  sufficient  la.bour  this  expansion  can  be 
extended  to  any  desire^  number  of  terms.  The  result 
can  also  be  found  by  the  use  of  the  Inclusion- exclusion 
theorem,  but  no  more  easily. 


47 


7.  Asymptotic  approximation  to  v(n,n+k). 


e  can  also  find  an  asymptotic  approximation  to 
v(n,n+k)  when  1£k  =  o(n1//2).  If  we  replace  0  -  1-G  in 
OlI  by  *•  1-X,  the  method  is  almost  word-for-word 
identical  with  tr.at  used  in  £l3^  for  f(n,n+k).  (Only  the 
comparatively  trivial  Lemma  10  requires  some  alteration 
and  §  5  of  [l3j  is  not  required.)  Je  deauce  the  following 
theorem. 

•’h.orem  5.  If  1$k  =  0(n^^),  then 
v(n,n+k)  =  dk( 3/2 )1{j[(k-1 )  (l  +  (^rT1)}  , 

where 

h-l 

d1  =  d2  =  5/36,  dk+1  =  uk  +  y  dhdk-h/  (k+1  )B(i:,h)  (ti2).  (?,/) 

In  £l  we  showed  that  a,,  tends  to  a  limit  d  as 


CD 


and  (by  computing)  that  d  =  0.1 591 55... 


Using  Stirling's  formula,  we  finu  a  further  theorem. 


iheorem  6.  xf  k-9<»  j.s  n  — >  <*>  an  k  =  o(n  '  ), 


t  .en 


v ( n , r.+k )  .  Wl?.kh"V!r'Vw5k-4£l  ♦  Ode-1)  ♦  COcV')}. 

where  a  =  d^TT)"  =  0.690936... 

•e  can  also  prove  the  following. 


bheorern  7.  If  k  as  n  — *oo  and  k  <  ( -w  n )  ^  ( 1-  z. ) , 
v/here  £  is  a  positive  number  independent  of  k  an':  n, 

then 

I03  v(n,n+k)  =  (n+3-;-.". )log  n  +  2k-n  -  k  log(1S  .  )  +  0(1). 
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Appendix  5 

The  k-connectedness  of  bipartite  graphs 
E.H. Wright 

(To  appear  in  J.  London  Math.  Soc.) 


Sui.'imary 

We  consider  bipartite  graphs  on  m  red  points  and 
n  blue  points ,  where  m^n,  and  prove  that,  for  any 
fixed  k,  almost  all  such  graphs  (labelled  or  unlabelled) 
are  k— connected  as  n — ^00  ,  provided  m  > C  log  n,  where 
G  depen  s  on  k.  If  is  the  number  of  such  unlabelled 

graphs ,  we  show  that  2mn/(m!nJ ) .  If  is  the  hunter 

of  such  unlabelled  graphs  with  the  colours  removed,  then 

T*  >v!'  if  m<n  and  T/  .-v  4T  .  We  deduce  that  almost 
mn  nr.  nn  nxi 

all  bipartite  graphs  on  p  points  in  all,  whether 
labelled  or  unlabelled,  are  k-connected  and  so  prove 
a  conjecture  of  Harary  and  Robinson. 


The  research  reported  here  has  been  supported  in 
part  by  the  European  Research  Office  of  the  United 
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1 .  Introduction 

In  a  recent  paper  L's]  Harary  and  Robinson 
conjecture  that  almost  all  connected  labelled  bipartite 
graphs  are  2-connected.  Here  I  prove  a  number  of  results, 
of  one  of  which  the  conjecture  is  an  immediate  corollary. 
Dr.  Bollobas  has  very  kindly  shown  me  a  paper  of  his  L'l 
which  also  includes  a  theorem  of  which  the  same 
conjecture  is  an  immediate  corollary.  The  overlap 
between  his  paper  and  this  one  is  however  small. 

Throughout  we  take  k  a  fixed  positive  integer  and 
write  0  for  a  suitable  positive  number  (not  always  the 
same  at  each  occurrence)  which  may  depend  on  k,  but  not 
on  p,m  or  n.  The  notation  C(  )  ando(  )  refers  to  the 
passage  of  p  or  n  to  infinity  (as  the  case  may  be)  and 
the  constants  implied  are  of  type  C.  We  say  that  almost 
all  graphs  of  a  particular  kind  have  a  property  if  the 
proportion  which  have  that  property  tenas  to  1  as  p — >  oo 
or  as  n— >oo.  Harary  and  Robinson's  conjecture  follows 
at  once  from  the  following  theorem. 

Theorem  1 .  Almost  all  labelled  (or  unlabelled) 
bipartite  graphs  on  p  points  are  k-connected  as  p  — >  co. 

,'e  first  consider  labelled  (m,n)  graphs,  i.e. 
labelled  bipartite  graphs  on  m  red  points  anu  n  blue 
points,  i.e.  the  red  points  are  labelled  r^ , . . . ,  rm 
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anti  the  blue  points  b^,...,  bn.  Each  red  point  may 
be  joined  by  just  one  line  to  each  blue  point  or  not  so 
joined;  no  two  points  of  the  same  colour  are  joined.  The 
number  of  labelled  (m,n)  graphs  is  clearly  FmTi  *  2ran. 

We  take  m  =  m(n)^  n. 

Theorem  2.  If  m > C  log  n,  almost  all  labelled  (m,n) 
graphs  are  k-connected  as  n  — >  no 

Let  T  be  the  number  of  unlabelled  bipartite  graphs 
on  m  red  points  and  n  blue  points. 

Theorem  3.  If  m>C  log  n,  then 

V  ■  /2"”/( m!n!)J  {  1  *  o(1)]. 

Theorem  4.  If  m>0  log  n,  almost  ail  bicoloured 
unlabelled  (m,n)  graphs  are  k-connected. 

Theorem  3  implies  that,  if  m>C  log  n,  almost  all 
bicoloured  (m,n)  graphs,  labelled  or  unlabelled,  have 
only  the  trivial  automorphism.  Theorem  4  follows  from 
Theorems  2  and  3. 

'.■/hat  is  true  if  we  remove  the  colours  from  the 
unlabelled  graphs?  Some  of  the  resulting  disconnected 
(m,n)  graphs  may  then  be  isomorphic  to  one  another  but, 
in  view  of  Theorem  4  (with  k=1 )  there  are  almost  none 
of  these.  If  m<  n,  no  two  of  the  connected  uncoloured 
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graphs  are  isomorphic  to  one  another,  for  a  connected 

bipartite  graph  can  only  be  bicoloured  in  one  way  (a. art 

from  an  interchange  of  the  two  colours,  impossible  here 

since  the  m  points  are  originally  coloured  red).  This 

argument  fails,  of  course,  if  m  =  n.  Let  T JL  be  the 

mn 

number  of  non-isomorphic  uncoloured  unlabel-led  (m,n) 
graphs.  We  have  proved  the  first  part  of  the  following 
theorem. 

Theorem  5.  .If  m>C  log  n,  then 

Z^/Onlni)  (m<  n) ;  T^  "V(nJ)2. 

The  second  part  is  proved  in^  4. 

There  is  a  sense  in  which  our  theorems  so  far 
are  "v.eak",  since  they  refer  to  almost  all  (n,n)  graphs, 
make  no  reference  to  the  number  of  lines  and  do  not  find 
the  "threshold"  for  connectedness  in  the  sense  of  RJ 
or  the  asymptotic  numbers  of  unlabelled  (m,n;E)  graphs 
(S  being  the  number  of  lines)  as  in for  ordinary 
graphs.  So  far  as  simple  connectedness  of  labelled 
bipartite  graphs  is  concerned,  we  have  the  following 
theorem  (which  I  do  not  prove  here). 
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Theorem  6.  Let  n, 

£  =  n[m  -  (m-t)e-<10'3  n)/mj  (1.1) 

and,  m — > oo  and  ^  ^  c  Jl§  n— ^oo  .  If  f(n-m)  log  n}/n-Jb, 

t hen  the  proportion  o f  labell e d  ( m , n :  1 )  _gr  ap! ss  whic h 
are  connected  tends  to_exp(-e"c(l+e"^))  .  If 
£(n-m)  log  nf/n  —?oo  ,  then  this  proportion  tends  to 
exp(-e”c) . 

Professors  Klee  and  Larman  and  I  hope  to  publish 

the  proof  of  Theorem  6  in  a  joint  paper.  This  proof  is 

distinctly  more  complicated  than  that  of  Theorem  2  of  the 

present  paper.  It  is  interesting  to  note  that,  if  m/log  n 

is  bounded  above  as  n— >oo  ,  then  £  in  (1.1)  is  not  o(nn), 

2 

whereas  the  condition  that  iS  =  o(n  )  plays  an  essential 
role  in  M- 

Let  at  «  ot  (m,n)  be  the  proportion  of  labelled 
(m,n)  graphs  which  are  connected,  .ve  can  deduce  from 
Theorem  6  or  prove  directly  that,  if  n2~m— ■ £  w  as  m,n — >o o 
with  m^n,  then  ol  (m,n)  — £  e“w  and  correspondingly, 
if  n2“m — £  oo  ,  then  ot — >0.  (Dr.  Bollobas  tells 

me  that  he  knew  t • is  anu  that  he  thinks  that  he  has 
seen  a  published  proof.)  The  result  shows  that  the 
condition  m>C  log  n  in  Theorem  2,  while  not  best 
possible,  is  nearly  so. 
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There  seems  to  be  no  serious  obstacle  to  extending 
methods  of  M  on  k-connectedness  to  labelled 
bipartite  (m,n;£)  graphs,  though  the  extra  variable  m 
certainly  introduces  complication.  The  extension  of 
[m3  (and  especially  [7j ,  the  methods  of  which  are 
themselves  unattractively  complicated;  to  the  bipartite 
case  may  be  more  troublesome  and  so  far  I  have  only 
partial  results.  Thus  the  point  of  the  present  paper  is 
that,  while  the  theorems  are  probably  not  best  possible, 
the  proofs  are  relatively  simple  and  straightforward. 

In  what  follows  we  write  B(h,k)  =  h!/fk!  (h— k)  j}  . 
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2.  Proof  of  Theorem  2 

If  an  (m,n)  graph  is  not  k-connected,  there  are 
i-1  points,  say  r  red  and  s  blue,  where  r+s  =  k-1 , 
such  that,  if  these  points  and  all  lines  adjacent  to  them 
are  removed,  we  are  left  with  an  (x,y)  graph  and  an 
(m-r-x,n-s-y)  graph,  unconnected  to  one  another.  There 
are  therefore  A  =  x(n-s-y)  +  y(m-r-x)  lines  which  cannot 
occur  in  the  original  graph.  The  number  of  such  original 
labelled  graphs  is  therefore  at  most 

B(m,r)B(n,s) £' B(w,x)B(N,y)2mn“A ,  (2.1) 

where  denotes  summation  over  all  x,y  such  that 
0  $  x  <  H  =  m-r,  0  <  y<  II  =  n-$,  1  <  x+y<  M+N-1 .  ./e  can 
clearly  choose  xStH,  but  not  then  choose  y£  iN. 

However,  if  y  >  yN ,  write  y1  =  N- y<  -gN;  we  h^ve 
A  (x,y)  a  x(N-y)  +  y(i-i-x)  =  xN  ♦  y(li-2x) 

>,  xN  +  y'  (M — 2x )  =  /\  (x,y/  ). 

Hence  the  number  (2.1)  is  at  most 

2B(m,r)B(n,s)  £VB(M,x)B(N,y)2mn"^(x»y)  , 

’..•here  denotes  summation  over  all  x,y  such  that 

O^x^iM,  0<  y<  iN,  1<x+y.  The  proportion  of  such  graphs 
among  all  labelled  (m,n)  graphs  is  therefore  at  most 

=“  2B(m,r)B(n,s)£B(H,x)B(N,y)2“/l(x*y)  $  Cg)'e“/i(x'y)/(xlyl ) , 

A  J 
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where 


A  (x,y)  =»  i(Kx+:*y)  log  2  -  (r+x)log  in  -  (s+y)log  n 

C(m  -  C  log  n)  (x+y) , 

provided  m>C  lo  ,  n.  hence  JX  -  o(1)  and  Theorem  2 

r  s 

follows. 
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3.  Proof  of  Theorem  3:  the  unlabelled  case 


By  the  so-callea  Uee  £7J  )  Burnsiae  Lemma  we  have 

minJT  ■  F  +  £  ^3-t) 

mn  mn  \ 

where  B(p,cP)  is  the  number  of  labelled  (m,n)  graphs 
invariant  under  the  permutation  p  of  the  labels 

and  the  permutation  T'  of  the  labels  b^,...,bn  and 

denotes  summation  over  all  p  and  all  'T~  ,  except  the 

pair  in  which  p  =  •7"‘»  I*  the  identity. 

The  permutation  p  can  be  expressed  uniquely  as  a 

product  of  disjoint  cycles*  of  which  p^  are  of  length  j; 

similarly  <T~  is  a  product  of  disjoint  cycles*  of  wnich 

q .  are  of  length  j .  tfe  have 
3 

m  =  £.  jp  n  =  %.  jq^ • 

<r  3  dr  J 

Let  7T  be  xhe  corresponding  permutation  of  the  lines 

joining  the  [r^  to  the  [bj  and  P..  the  number  of  cycles 

in  7 r  of  length  j.  Then 

ran  *  H  jPj. 

&  3 
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Consider  those 


p  in  which  just  a  of  the  r^  are 

changed,  so  that  p.  =  m-a.  There  are  at  most  B(m,a)aJ^  ma 
such  pi  .  Similarly  there  are  at  most  n  permutations  0“ 

in  which  =  n-b.  For  such-  p>  and  cr“ ,  we  have 

=  (m-a) (n-b). 

The  number  of  labelled  (m,n)  graphs  invariant  under  any 

ZT>- 

suen  pair  p  ,  <r*  is  2  <t  ,  since  the  j  lines  affected  by 

any  j-cycle  of  yr  are  either  all  present  or  all  absent.  Now 

"£  I'i  =  i1  +  £.  1,  ^  F.  +  i  £  jF .  =  i(F1  +  mn) 

J  1  jit  0  l  3  1 

=  mn  -  tan  -  tbm  +  -gab. 


From  (3.1),  we  have 
mlniT^  =  2^  +  J, 


J  M  £,  2^ 


(3.2) 


lie  remark  that  a  =  0  or  a>  2  and  b  =  0  or  b£  2.  Then 

J2"ran  C  £  ma2-*an  +  £  nV*bm  +  £  manb2-g(an+bm-ab) 
AM.  6>Z  o>Ayt-'t\. 

Now,  if  2i  a£.  m  and  2  <  b£  n, 

an  +  bm  -  ab  >.  £(an  +bm) 

and  so  Theorem  3  follows  if  we  can  show  that 

£  ma2"*an  =  o(l),  £  nb2~^bin  =  o(l). 

Ail  4-il 

These  are  clearly  true  if 

m  log  2-4  log  n  — ■>  a o  (3.3) 


as  n-^  oo 


i.e.  if  m>C  log  n  for  an  appropriate  G 


4.  Proof  of  the  second  part  of  Theorem  5 

As  before,  we  may  disregard  the  disconnected  graphs. 

(jxn) 

Consider  a  connected  bicoloured  ^labelled  (n,n)  graph  . 
Recolour  the  red  points  blue  and  the  original  blue  points 
red  and  so  obtain  a  graph  &2*  ^  G-j  and  are  not 

isomorphic  to  one  another  (i.e.  isomorphic  red  to  red 
and  blue  to  blue),  we  say  that  they  are  a  reciprocal  pair. 

If  they  are  isomorphic  to  one  another  in  this  sense,  we 
say  that  G1  is  self-reciprocal.  If  then  we  remove  the 
colours  from  every  connected  unlabelled  (n,n)  graph, 
we  have  to  discard  one  of  every  pair  of  reciprocal  graphs  to 
obtain  the  co.mcevr4  members  of  tae  collection  enumerated 
by  The  following  lemma  suffices  to  prove  that 

T  /  =  $T  )1  +  o(1)r,  from  which  the  second  part 

of  Theorem  5  follows  at  once. 

lemma.  If  S  is  the  set  of  self-reciprocal  bicoloured 
labelled  (n,n)  graphs ,  then  jSj  =  o(2n  ). 

Consider  the  self-reciprocal  bicoloured  labelled 
(n,n)  graph  G.  It  has  an  automorphism  h  (red  to  blue, 
blue  to  red)  which  maps  r^,...,rn  on  to  ^ (b1 , . . . ,bn) , 
where  Th  is  a  permutation  of  the  suffixes  1,2,...,n, 
and  b1 , . . . ,  b^  on  to  ^  2^1  ^ ^  r  ) .  Henc  e  ^(b^,...,  b^ ) 

is  mapped  on  to  "7*2  (r-j » •  •  •  »rn)  *  ^wo  cases  arise.  If 
~C 2  ~  i  is  not  the  identity,  we  repeat  the  mapping  M. 
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Then,  unaer  the  mapping  vf ,  r^,*..,rn  maps  on  to 

■^2  Ti  ^ri » •  •  •  »rn)  and  bv*»bn  on  to  “T’ i  "^2^1  ’  *  *  *  ,bn^  * 
Hence  the  graph  G  is  invariant  under  the  permutation 

p  =  1*2  of  the  suffixes  of  the  r^  and  (7*  =  T”  £  of 

the  suffixes  of  the  Thus  G  is  invariant  under 

the  non-identity  permutation  p  of  the  labels  of  the 

red  points  and  the  permutation  <r~  (also  non-identity) 

of  the  labels  of  the  blue  points.  It  is  therefore  one 

of  the  bicoloured  labelleu  (n,n)  graphs  counted  (perhaps 

more  than  once)  in  the  sum  J  of  (3.2),  which  is  o(2n  ). 

Now  consider  those  G  for  which  t2  -  1 ,  These  have 

a  red  on  blue,  blue  on  red  automorphism  in  which  r^  maps 

onto  b_/  x  and  b^.,-.  on  to  r.  .  There  are  nl  possible  choices 
TJ(V  7JW  1 

of  .  Hence  there  are  at  most  nlD  graphs  G  of  this  type, 
where  f>  is  the  number  of  graphs  G  in  which  r^  maps  onto 
b^  and  b^  onto  r^  for  every  i.  In  such  a  graph,  r.^  is 
(or  is  not)  joined  to  and  the  line  r.b  .  is  present 
if  and  only  if  the  line  b^r.  is  present.  Hence  there  is 
a  (1,1)  correspondence  between  these  G  and  the  graphs 
(not  necessarily  bipartite)  on  n  points  with  a  possible 
loop  at  each  point.  It  follows  that  D  =  2"n^n+^,  so 
that  nJD  ■  o(2n  ).  The  lemma  is  immediate. 


5.  Proof  of  Theorem  1 


Let  J  be  the  number  of  bipartite  uncolourad  graphs 

on  p  labelled  p>oints  ana,  as  before,  /  =  2mn  the  number 

r  mn 

ot  bipartite  graphs  on  ra  red  points  labelled  r^,...,rjfl 

and  n  blue  points  labelled  b_,,...,b  .  be  remove  the 

i '  ’  n 

r  :stric  !;ion  that  m^n.  Clearly 

£  a  jl  B(p,m)i?  . 

P  WTl  m,p-m 

If  fp  an!  f[rn  are  the  corresponding  numbers  of  labelled 

-:-connected  graphs,  we  have 

f  =  F  fl  +  o(1)1 
mn  mn  l  'J 

by  Theorem  2,  provided  min  (m,n) >  C  log  max  (m,n).  But 
B ( p , m )  ?  =  ^  B (p,m)2nl^F~:r^ 

9  A  /m  &  C 

^  a:(M  10£P)  =  ^LiPn::-r.a>  =  °<V 


and  so  we  have 

fp"*£  3(p,»;r.  -  ipl  +  »('8. 

-rrt-1 

This  is  the  labelled  case  of  Theorem  1 . 
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If  is  tie  number  of  unlabelled 

F 

bipartite  graphs  on  p  points,  we  have 


* 


m,  p— m 


bicoloureu 


and  we  can  prove  that  almost  all  the  'J?  graphs  are 
k-connected  as  above.  Similarly,  with  minor  variations, 
for  unlabelled  uncoloured  bipartite  graphs. 
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